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Abstract
The nano-particle systems under theoretically and experimentally investigation
because of the potential applications in the nano-technology such as drug deliv-
ery, ferrofluids mechanics, magnetic data storage, sensors, magnetic resonance
imaging, and cancer therapy. Recently, it is reported that interacting nano-
particles behave as spin-glasses and experimentally show that the relaxation of
these systems obeys stretched exponential i.e., KWW relaxation. Therefore, in
this study, considering the interacting nano-particle systems we model the re-
laxation and investigate frequency and temperature behaviour depends on slow
relaxation by using a simple operator formalism. We show that relaxation devi-
ates from Debye and obeys to KWW in the presence of the memory effects in the
system. Furthermore, we obtain the frequency and temperature behaviour de-
pend on KWW relaxation. We conclude that the obtained results are consistent
with experimental results and the simple model, presented here, is very useful
and pedagogical to discuss the slow relaxation of the interacting nano-particles.
Keywords: Superparamagnets, nano-particles, nano-devices, relaxation
2010 MSC: 00-01, 99-00
1. Introduction
The relaxation of the interacting magnetic nano-particle systems are under
intensive investigation due to their implications in various fields such as magnetic
data storage, cancer therapy, drug delivery, ferrofluids mechanics, magnetic res-
onance imaging and sensors [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11]. It is known that the
ideal non-interacting magnetic nano-particles are composed of a single magnetic
domain which has super-paramagnetic properties. Their diameter is below 3–50
nm, depending on the materials and the relaxation of the interacting magnetic
nano-particle is generally given by Debye exponential [12]. However, it was
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shown in a many experimental studies such as CoxAg1−x nano-particles [13],
γ-Fe2O3 nano-particles [14], Fe3N nano-particles [15] that the relaxation devi-
ates from Debye type exponential relaxation and obey to ∼ exp(−t/τ)α where
α is the decaying parameter. This slow stretched exponential relaxation is often
called as, historically, Kohlrausch-Williams-Watts (KWW) law [16, 17]. Several
theoretical mechanism have been proposed to explain non-exponential KWW
relaxation behavior of the nano-particles [13, 14, 15, 18, 19, 20, 21, 22, 23]. In
these theories, mainly, the concentrated nano-particle systems behave as spin
glasses [24, 25, 26] due to the dipole-dipole interaction of nano-particles [18], the
cooperative behavior [15] and the long-range interactions. The memory effects
arise depends on these puzzling dynamics and which leads to KWW relaxation.
The KWW relaxation is characteristically different from the exponential
type, which can lead to amazing physical behaviours. The effect of this dif-
ference in relaxation shows itself in the response function. For instance, the
frequency and temperature behaviour of the reactive and the dissipation part
of the response function can dramatically change. This effect may be too sig-
nificant to be neglected for some applications in the nano-scale. Therefore,
modelling of the KWW relaxation of the nano-particles and showing this dif-
ference can be a guide for applications in practice. Based on this motivation,
in this study, we focus on the modelling of the relaxation for the interacting
nano-particle system. By using a simple operator formalism we will discuss re-
laxation function and the frequency and temperature-dependent behaviour of
the interacting nano-particles.
In Section 2, we present the relaxation of the non-interacting nano-particle
based on a two-level jumping model by using operator formalism. In Section
3, we discuss the relaxation function of the interacting nano-particle system
with a multi-levels jumping process. In the same section, we obtain correlation
and relaxation function for interacting nano-particle systems and we discussed
frequency and temperature dependence of the model system. The last Section
is devoted the conclusion.
2. The non-interacting magnetic nano-particles
In this section, we briefly review the simple model for the paramagnetic
relaxation under an external field [27, 28] and the simple operator formalism
with two-level jumping [22]. The magnetic energy of the particle has its origin
in the anisotropy energy that is associated with the crystalline structure of the







where nz is the component of n̂ along the z-axis, which is chosen to label the
direction of anisotropy, K is a constant that depends on material properties,
and V is the volume of the particle. Denoting by θ the angle between z and n̂,
anisotropy energy Ea can be written as
E(θ) = KV sin2 θ . (2)
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However, when the particle is exposed to the external field, the energy contri-
bution to the anisotropy energy comes from external field H. This energy is
known Zeeman energy which is given by
EZ = VM0Hn̂. (3)
Therefore, total energy of non-interacting superparamagnetic particle is given
by
E(θ) = KV sin2 θ − VM0H0 cos θ. (4)
The orientation probability of the magnetic nano-particle under external field
depends on energy which is given by
p (θ) =
exp [−βE (θ)]∑
θ exp [−βE (θ)]
. (5)
But, the symmetry is broken by an external field H0 along the z axis, hence, it
is supposed that the orientation θ = 0 is more probable, now that the particle
finds it energetically more favorable to line up along the magnetic field. The
minima of the energy occur at θ = 0 and around θ = π, which define the two
equilibrium orientations of the particle.
In this case, it is assumed that the particle is under the constant influence
of spontaneous thermal fluctuations. Once in a while, these fluctuations (or
”kicks” from thermal phonon, loosely speaking) are strong enough to enable the
particle to overcome the barrier between θ = 0 and around θ = π/2. Essentially,
the particle has to cross a potential hump whose height is Emin−Emax = KV .
The particle remains in one of its equilibrium positions most of the time; occa-
sionally it undergoes an instantaneous jump from one equilibrium orientation
to another. This two-level stochastic process is so-called Kubo-Anderson pro-
cess that mathematically expressed by the equilibrium probabilities clear from
Eq. (5)
p1,2 = p (θ = 0, π) =
exp [−βE1,2]
exp [−βE1] + exp [−βE2]
(6)
for two-level jumping process. On the other hand, energies E1 and E2 are
E1,2 = E (θ = 0, π) = ∓VM0H0 (7)
Using single activation energy arguments, the transition rates per unit time (due
to thermal fluctuations) may be written as
Ŵ12,21 = ν0 exp [−β (Emax − E2,1)] (8)
where Emax is the maximum value of the energy at the hump, and ν0 is the
attempt frequency. We assume here of course that the attempt frequency ν0
stays the same even in the presence of H0. It is clear from Eq. (4) that the
maximum in energy occurs at
cos θmax = −M0H0/2K (9)
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This relaxation process can be modelled by using the operator formalism with
two level jumping [22]. In the operator formalism, states |n〉 for two-level system












where |...〉 represents a stochastic state like the Dirac ket. Jumping of the







In the absence of external magnetic field, the two directions have completely
equivalent probability. In this case process completely reduce to simple two-
levels jumping process. In any case, the jumping between these states is gov-
erned by the Markovian master equation [22]
∂
∂t
P̂ (t) = P̂ (t)Ŵ (13)
where P̂ (t) is the transition probability of the ith site and Ŵ is the transition
rate which is given by
Ŵ12 = λp1, Ŵ21 = λp2 (14)
where λ is the relaxation rate of the system, which can be represented in terms
of Emax
λ = λ0 exp [−βEmax] (15)
where λ0 is a constant. The rate at which such jumps occur is related to
difference between the maximum and minimum values of energy in the system.
The transition probabilities in Ŵ21 = λp2 and Ŵ12 = λp1 are consistent
with the detailed balance relation which reads
p1Ŵ21 = p2Ŵ12 . (16)






where λ = 2w is the eigenvalue, T̂ is the collision matrix and 1 is the unit matrix








where pm corresponds to transition probability between states or levels (m =
1, 2) and satisfy p1 + p2 = 1. The new process is defined by the relation
pm = 〈m| T̂ |n〉 , n,m = 1, 2 . (19)
For the two-level relaxation process, T̂ is idempotent. This is so because
pm = 〈m| T̂ 2 |n〉 = 〈m| T̂ |n〉 . (20)
By using this property, the conditional probability matrix P̂ (t) can be con-
structed. For Markovian processes, conditional probability is simply obtained
from Eq. (13) together with Eqs. (18)-(20) in the form
P̂ (t) = exp(Ŵ t) = exp(−λt)
[
1− T̂ + T̂ exp(λt)
]
. (21)




For two-level Kubo-Anderson process this correlation function is governed by
the Néel relaxation [27]. Many physical properties of the non-interacting nano
particles can be computed by this correlation function.
3. The interacting magnetic nano-particles
In the case of the interacting magnetic nano-particles, the relaxation de-
viates from Debye type relaxation and obeys KWW type relaxation depends
on the presence of the meta-stable states due to the magnetic viscosity, the
long-range interactions which can lead to the glassy behaviour. Therefore, the
relaxation can be modelled by multi-levels jumping instead of the two-levels
Kubo-Anderson process. New relaxation picture to the modelling of interacting
nano-particles sometimes is called as s kangaroo process [23] which serves a sim-
ple formalism the relaxation of the interacting magnetic nano-particles. Below,
we briefly give the formalism and numerical results of the model.
3.1. Generalized formalism
The meta-stable state energy levels in the energy phase spaces of the in-
teracting nanoparticles probably lead to the discrete jumping process. In this
case, the relaxation can be modelled as the multi-level jumping process where
N → ∞. Thus, the process may be regarded as continuous. The jump matrix
Ŵ for the multi-level jumping process is given by
〈µ|Ŵ |µ0〉 = λ [p(µ)− δ(µ− µ0)] (23)
where the jump rate λ corresponds to the constant rate. However, in the pres-
ence of the memory effects, Eq. (23) must be extended to
〈µ|Ŵ |µ0〉 = λ(µ0) [q(µ)− δ(µ− µ0)] (24)
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where q(µ) does not take constant values for each jumping, however, it satisfy∫
dµq(µ) = 1 . (25)
For present case, the detailed balance relation in Eq. (16) is given by
p(µ0)λ(µ0)q(µ) = p(µ)λ(µ)q(µ0) . (26)











where the matrix of T̂ is
〈µ|T̂ |µ0〉 = q(µ) (29)
and Λ̂ is diagonal and is given by
〈µ|Λ̂|µ0〉 = λ(µ0)δ(µ− µ0) . (30)
Evidently, Eqs. (28) and (30) are consistent with results of Kubo-Andreson
model. The question now is how to obtain P̂ (t). Here we have to note that the
memory effects can be considered in the continuous-time random walk (CTRW)
framework [29, 30]. Discrete dynamics are categorized by the probability den-
sity function (pdf). In the more general case, any finite characteristic waiting
time is given by T =
∫∞
0




2λ(x)dx. The corresponding process in the diffusion limit shows
normal diffusive behaviour with Gaussian pdf [29, 30, 31, 32]. In a simple ran-
dom walk process, the waiting time pdf ψ(t) is of Poisson form and jump length
pdf λ(x) is of Gaussian form. However, the waiting time T diverges, conversely,
the jump length variance Σ2 is still kept finite for the non-Markovian process.
In a such process, long-tailed waiting time pdf takes an asymptotic form [31].
Thus, the CTRW process with power-law form ψ(t) ≈ t−1−α where 0 < α < 1,
leads to the fractional diffusion equation in the continuum limit [29, 30, 31, 32].
By using this approximation Eq. (21) can be obtained. However, here, we will
use simple operator formalism presented above instead of the fractional diffusion
approach.
3.2. Correlation function
To obtain P̂ (t) we follow a simple procedure given in Ref. [23]. By using






where s is a complex number frequency parameter, which leads to
P̃ (s) =
1
(s+ Λ̂)− T̂ Λ̂
. (32)




























Here, we have used the completeness relation∫




dµ′q(µ)λ(µ0)δ(µ0 − µ′) = λ(µ0)q(µ) . (36)























which yields the Laplace transform of the probability matrix for the Kubo–Anderson






+ ... . (39)
Transforming back to the time domain, the correlation function can be written
as




which is now a continuous superposition of exponentially decaying functions of





exp [− (〈λ(µ)〉 t)α] = V
2M0
kBT
exp [− (λeqt)α] , 0 < α < 1 (41)
where λeq can be chosen as λ. This choice does not change of the nature of the
problem since relaxation process is dominated by Emax in the system.
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3.3. The KWW relaxation
The KWW relaxation function is easily obtained from the correlation func-











, 0 < α < 1 (42)
where τ = 1/λ. This relaxation is known as KWW relaxation or stretched
exponential [16, 17]. Eq. (42) reduces to exponential relaxation of Debye [12].
For various α, the relaxation curves of the interacting nano-particles at fixed
τ = 0.3 is given in Fig.1. The exponential relaxation for α = 1 is denoted with
the red circle Fig.1(a). However, as can be seen from Fig.1(a) that the curves
characteristically deviate from exponential for α < 1 (see green and blue lines).
One can see that these curves in the log(-ln)-log scale in Fig.1(b) clearly reflects
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= 1. In (a) the relaxation function fα(t) in ln-linear scale is shown. In (b),
the relaxation function fα(t) in log(-ln)-log scale is provided.
As we mentioned above that α represents the memorial effects which appear
due to the dipole-dipole interaction of nano-particles [18], the cooperative be-
haviour [15] and the long-range interactions. We show that the non-exponential
relaxation of the interacting nano-particles by using the presented simple model.
3.4. The Cole-Cole behaviour
Now, we discuss the magnetic susceptibility of the magnetic nano-particle
systems depends on the KWW relaxation. The frequency-dependent suscep-


















where the real term corresponds to the reflected or emitted part of the applied
external field and the imaginary part denotes the absorbed part by the system.
When α < 1, there is no the analytical expression of the Eq. (43) for real and
imaginary parts [33, 34, 35]. The best way is the numerically perform the Fourier
transform for the integral except the points α 6= 1 and α 6= 0.5. Another
approximation is the Laplace transformation of the Eq. (43). The magnetic











followed by the rotation s→ iw [32].








. This solution is known as the Cole-Cole pattern [36]. The
interval 0 < α ≤ 1 has been widely used to modify Eq. (44) in order to phe-
nomenologically fit experimental data for the complex compliance. However,
in the limits of α = 1 both the KWW form Eq. (42) and (46) reduce to the
corresponding classical result which corresponds to Debye type relaxation and
Eq. (44). It is report in Ref. [32] that a dynamic framework which leads to
relaxation functions of the Mittag-Leffler type [31, 32, 37, 38, 39, 40, 41, 42, 43].
The complex compliance for KWW relaxation corresponding to the Mittag-
Leffler pattern, the result being exactly the Cole-Cole function (46), as obtained
earlier by Weron and Kotulski [37] in a similar context. After several step, the
real part and the imaginary part are given [32] as
χ′α(w) = χ0
1 + (wτ)α cos(πα/2)





1 + (wτ)2α + 2(wτ)α cos(πα/2)
. (48)
The Cole-Cole plots for the various α values are given in Fig.2. Numerical
results in the Fig.2 show that the Cole-Cole relation also changes depend on α
parameter. This is an expected result, however, which is meaningful since it
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Figure 2: Cole–Cole plot for the magnetic susceptibility of the interacting nano-particles.
3.5. Temperature dependence
The temperature dependence of the real and imaginary part can be obtained
from Eqs. (47) and (48) as
χ′α(T ) = χ0
(wτ0)
−αe−αx + cos(πα/2)
(wτ0)−αe−αx + (wτ0)αeαx + 2 cos(πα/2)
(49)
χ′′α(T ) = χ0
sin(πα/2)









denotes the Vogel-Tammann-Fulcher law [44, 45, 46] which fits well to critical












In order to see temperature dependence behaviour of the magnetic suscep-
tibilities, the numerical solutions of Eqs. (49) and (50) for various α values and
arbitrary dimensionless parameters Emax = 5.0, w = 1.0, τ0 = 1.0, Tg = 1.0
and Boltzmann constant kB = 1.0 are given in Fig. 3.
As can be seen from Fig. 3(a) real part of the susceptibility rapidly increases






























Figure 3: In (a), the real part χ′(T ) and in (b) the imaginary part χ′′(T ) of the magnetic
susceptibility for various α values. We set Emax = 5.0, w = 1.0, τ0 = 1.0, Tg = 1.0 and
Boltzmann constant kB = 1.0.
the real part, the imaginary part, in Fig. 3(b), rapidly increases and reach up
a maximum which appears at glassy temperature Tg, and it decreases non-
exponentially. This characteristic KWW type behaviour can be clearly seen in
the imaginary part of the susceptibility after, particularly, the glassy temper-
ature Tg. The glassy behaviour of the magnetic nano-particle originates from
memory effects due to discrete distribution of relaxation times, coupling and cor-
relations due to weak or strong long-range interactions or topological reasons
[24, 25, 26, 47, 48, 49, 50, 51].
Our numerical results for this simple model are consistent with the recent
experimental studies. Indeed, similar characteristic behaviour for the real and
imaginary part of the susceptibility has been found in the susceptibility mea-
surements of the Fe3O4 nanoparticles and in NiFe2O4 nanoparticles [52, 53].
4. Conclusion
In this work, considering the interacting nano-particles we analyse non-
exponential KWW relaxation, frequency and temperature dependence of the
magnetic susceptibilities of these systems by a simple operator formalism. Firstly,
we briefly present the relaxation model for the non-interacting nano-particles
based on two-level jumping process. Then, we suggest that the relaxation pro-
cess of the non-interacting nano-particle systems can be modelled by using
multi-level jumping approach since the multi-level discrete energy levels can
appear in the system depend on the meta-stable occurs due to the dipole-dipole
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interaction of nano-particles, the cooperative behaviour and the long-range in-
teractions. We assume that the process may be regarded as continuous in the
limit of N → ∞. By using the generalized method in Ref. [23] we obtain the
KWW relaxation function of the interacting nano-particle system. Later, we
discuss frequency and temperature dependence of the magnetic susceptibilities
depend on KWW exponent α which is a measure of the memory effects in the
complex and disordered structure of the non-interacting nano-particles. Ob-
tained numerical results from the simple model presented here are consistent
with the experimental results.
Here, the exponent α can be regarded as a degree of the concentration which
can serve as a source of the dipole-dipole interaction of nano-particles, the coop-
erative behaviour and the long-range interactions in the system. In this scenario,
when the concentration is increased in the system, the value of the parameter
α decreases. All result shows that the physical behaviour of the interacting
nano-particle system completely different from the non-interacting case.
We again state that the interacting nano-particles are used in many dif-
ferent areas. Therefore, understanding of the spin-glass like behaviour, non-
exponential relaxation mechanism and other thermodynamic properties of these
systems are very important for many areas such as magnetic data storage, cancer
therapy, biomedicine, drug delivery, ferrofluids mechanics, magnetic resonance
imaging and sensors. Here, in this study, considering a very simple and pedagog-
ical model we obtain the well-known results for the interacting nano-particles.
Finally, we can conclude that the very simple theoretical method presented
here can be used to the model the physical behaviour of the different interacting
systems.
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